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Foreword

Algebra and Trigonometry—Functions and Applications is designed for a
course in intermediate algebra, advanced algebra, and trigonometry. The
book can be used in two different ways:

1. As an algebra and trigonometry book, with applications,
2. As an applications book, with supporting algebra and trigonometry.

In either case, there are two possible sequences of presentation:

Intermediate Algebra
Chapters 1-8

Intermediate Algebra
Chapters 1-8

Advanced Algebra
" Chapters 9-12

Trigonometry
Chapters 13-15

Trigonometry
Chapters 13-15

Advanced Algebra
Chapters 9-12

Applications are handled by creating mathematical models of phenomena
in the real world. Students must select a kind of function that fits a given

situation, and derive an equation that suits the information in the problem.

The equation is then used to predict values of y when x is given or values
of x when y is given. Sometimes students must use the results of their
work to make interpretations about the real world, such as what “slope”
means, or why there cannot be people as small as in Gulliver's Travels.
The problems require the students to use many mathematical concepts in
the same problem. This is in contrast to the traditional “word problems™
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of elementary algebra, in which the same one concept is used in many
problems.

The computer is assumed to be a normal part of students’ classroom
experience rather than simply a novelty. For the most part, students are
expected 1o use existing computer programs, notably computer graphic
programs, rather than write their own. A disk accompanying the Teacher's
Resource Book contains programs written by the author that are suffi-
cient for the purposes of this text. You are, however, urged to seck out
commercially-available software that is faster and more user-friendly.

Ideas for using calculators have caused substantial differences in presenta-
tion of certain topics. For instance, exponential equations are solved at the
beginning of Chapter 6 by iterative methods on the calculators. Loga-
rithms then arise naturally as a quicker way to get the unknown exponent.
Presented this way. there is no doubt in the students’ minds that a loga-
rithm is an exponent! The calculator thus leads to a better understanding
of theoretical concepts and is not simply a way to work old problems
quicker.

Pedagogically, there are many opportunities for review of previous con-
cepts. One major way this review is accomplished is through the “Do
These Quickly” problems at the beginning of each problem set. Once the
students have learned to work a particular kind of problem, they develop
speed as these problems reappear in five-minute exercises that concentrate
only on answers. Mathematical-model problems have been spread out so
the students must recall how to use linear and quadratic functions while
they are working exponential model problems.

Work on data analysis is included in some problem sets to show students
how to decide which kind of function is an appropriate model. Material on
statistics, including the normal distribution, appears in the probability
chapter.

The text still starts with a brief review of the basic axioms and properties.
It moves quickly to topics the students have probably not seen before, at
least in the method of presentation. The purpose is two-fold. First, stu-
dents should not feel as if most of the course is spent reviewing clemen-
tary algebra. Second, the presentation emphasizes the role of algebra and
trigonometry as the foundation for calculus, rather than as the completion
of elementary algebra. By presenting both algebra and trigonometry as the
study of classes of functions, students learn the essential unity of the two
subjects.
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Henry Pollack of Bell Telephone Labs claims that there are just two Kinds
of numbers: “real” numbers such as encountered in everyday life, and
“fake” numbers such as encountered in most mathematics classes! Since
this book has many problems involving untidy decimals (“real” numbers),
a calculator or computer are called for where appropriate. There are also
problems that have small-integer answers (“fake” numbers) so that students
may gain confidence in their work when they are just learning a new tech-
nique.

Since all educators share the responsibility of teaching students to read and
write, there are discovery exercises so that students may wrestle with a
new concept before it is reinforced by classroom discussion. The students
are helped with this reading by the fact that much of the wording came
from the mouths of my own students. Special thanks go to Susan Cook,
Brad Foster, and Nancy Carnes, whose good class notes supplied input for
certain sections. Students Lewis Donzis and David Fey wrote computer
programs for some of the problems.

Thanks go to instructors in Florida, Illinois, Pennsylvania, South Dakota,
Texas, and Virginia for pilot testing the original materials. Special thanks
go to Bob Enenstein and his instructors in California for pilot testing the
second edition. The text reflects comments from review and classroom
testing by Charley Brown, Sharon Sasch Button, Pat Causey, Loyce
Collenback, Bob Davies, Walter DeBill, Rich Dubsky, Michelle Edge,
Sandra Frasier, Byron Gill, Pat Johnson, Michael Keeton, Carol Kipps,
Bill McNabb, Shirley Scheiner, Ann Singleton, Chuck Straley, Rhetta
Tatsch, Joel Teller, Susan Thomas, Kay Thompson, Zalman Usiskin, Jim
Wieboldt, Marv Wielard, Mercille Wisakowsky, Martha Zelinka, and
Isabel Zsohar. Calvin Butterball and Phoebe Small appear with the kind
permission of their parents, Richard and Josephine Andree.

Paul A. Foerster
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1-1 I SETS OF NUMBERS

From previous work in mathematics you should recall the names of differ-
ent kinds of numbers (positive, even, irrational, etc.). In this section you
will refresh your memory so that you will know the exact meaning of
these names.

Objective:
Given the name of a set of numbers, provide an example; or given a num-
ber, name the sets to which it belongs.

There are two major sets of numbers you will deal with in this course, the
real numbers and the imaginary numbers. The real numbers are given this
name because they are used for “real” things such as measuring and count-
ing. The imaginary numbers are square roots of negative numbers. They
are useful, too, but you must learn more mathematics to see why.

The real numbers are all numbers which you can plot on a number line
(see Figure 1-1). They can be broken into subsets in several ways. For in-
stance, there are positive and negative real numbers, integers and non-
integers, rational and irrational real numbers, and so forth. The diagram
facing this page shows some subsets of the set of real numbers.

The numbers in the diagram were invented in reverse order. The natural
(or “counting”) numbers came first because mathematics was first used for
counting. The negative numbers (those less than zero) were invented so
that there would always be answers to subtraction problems. The rational
numbers were invented to provide answers to division problems, and the
irrational ones came when it was shown that numbers such as V2 could
not be expressed as a ratio of two integers.

#llllll!llllll
-7 6 -6 -4 -3 -2 -1 0 1 2 3 4 5 6 7

The real number line

Figure 1-1




Chapter 1 Preliminary Information

Other operations you will invent, such as taking logarithms and cosines,
lead to irrational numbers which go beyond even extracting roots. These
are called “transcendental” numbers, meaning “going beyond.” When all
of these various kinds of numbers are put together, you get the set of real
numbers. The imaginary numbers were invented because no real number
squared equals a negative number. Later, you will see that the real and
imaginary numbers are themselves simply subsets of a larger set, called
the “complex numbers.”

The following exercise is designed to help you accomplish the objectives
of this section.

| EXERCISE 1-1

1. Write a definition for each of the following sets of numbers. Try to do
this without referring to the diagram opposite page 1. Then look to
make sure you are correct.

a. {integers} {digits}
c. {even numbers} {positive numbers}
e. {negative numbers} {rational numbers}

g. {irrational numbers}
i. {real numbers}
k. {counting numbers}

{imaginary numbers}
{natural numbers}
{transcendental nos.}

oo

2. Write an example of each type of number mentioned in Problem 1.

3. Copy the chart at right. Put a check mark in each box for which the
number on the left of the chart belongs to the set across the top.

4. Write another name for {natural numbers}.

5. Which of the sets of numbers in Problem 1 do you suppose was the
Jirst to be invented? Why?

6. One of the sets of numbers in Problem 1 contains all but one of the
others as subsets.
a. Which one contains the others?
b. Which one is left out?

7. Do decimals such as 2.718 represent rational numbers or irrational
numbers? Explain.

8. Do repeating decimals such as 2.3333 . . . represent rational numbers
or irrational numbers? Explain.

9. What real number is neither positive nor negative?



1-2

1-2 The Field Axioms

3

&
£
e | & El
el e 2 £l Z
N LINE
5|e|5|8|2|2Z|8|E|2|3
ngzggszg'ﬁ
gﬂ”ig%géﬁégﬁg
E2|2I2|2|Z|E|E|18|2|8]|8
a. §
b. 2/3

= |®

JeEEEEE

| THE FIELD AXIOMS

From previous mathematics courses you probably remember names such
as “Distributive Property,” “Reflexive Property,” and “Multiplication
Property of Zero.” Some of these properties, called axioms, are accepted
without proof and are used as starting points for working with numbers.
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From a small number of rather obvious axioms, you will derive all the
other properties you will need. In this section you will concentrate on the
axioms that apply to the operations with numbers such as + and X. In
Section 1-7 you will find the axioms that apply to the relationships be-
tween numbers, such as = and <.

Objective:
Given the name of an axiom that applies to + or X, give an example that
shows you understand the meaning of the axiom; and vice versa.

There are eleven axioms that apply to adding and multiplying real num-
bers. These are called the Field Axioms, and are listed in the following
table. If you already feel familiar with these axioms, you may go right to
the problems in Exercise 1-2. If not, then read on!

THE FIELD AXIOMS

CLOSURE
{real numbers} is closed under addition and under multiplication.
That is, if x and y are real numbers, then

x + yis a unique, real number,
xy is a unique, real number.

COMMUTATIVITY
Addition and multiplication of real numbers are commutative op-
erations. That is, if x and y are real numbers, then

x + yand y + x are equal to each other,
xy and yx are equal to each other.

ASSOCIATIVITY
Addition and multiplication of real numbers are associative op-
erations. That is, if x, y, and z are real numbers, then

(x + y) + zand x + (y + z) are equal to each other.
(xy)z and x( yz) are equal to each other.

DISTRIBUTIVITY
Multiplication distributes over addition. That is, if x, y, and z
are real numbers, then

x(y + z) and xy + xz are equal to each other.

IDENTITY ELEMENTS
{real numbers} contains:

A unique identity element for addition, namely 0. (Because
x + 0 = x for any real number x.)

A unique identity element for multiplication, namely 1. (Because
x+1 = x for any real number x.)
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INVERSES
{real numbers} contains:

A unique additive inverse for every real number x. (Meaning
that every real number x has a real number —x such that
x+ (=x)=0.)

A unique multiplicative inverse for every real number x except
zero.

(Meaning that every non-zero number x has a real number ! such
thatx- 1= 1))

Notes:

—

. Any set that obeys all eleven of these axioms is a field.

2. The eleven Field Axioms come in 5 pairs, one of each pair being for
addition and the other for multiplication. The Distributive Axiom ex-
presses a relationship between these two operations.

3. The properties x + 0 = x and x- 1 = x are sometimes called the
“Addition Property of 0" and the “Multiplication Property of 1,” re-
spectively, for obvious reasons.

4. The number —x is called, “the opposite of x,
x,” or “negative x."”

5. The number ? is called the “multiplicative inverse of x,” or the

“reciprocal of x.”

ALY

the additive inverse of

Closure —By saying that a set is “closed” under an operation, you mean
that you cannot get an answer that is out of the set by performing that op-
eration on numbers in the set. For example, {0, 1} is closed under multipli-
cation because 0 X 0 =0,0X 1 =0,1 X0=0,and 1 X 1 = 1. All
the answers are unique, and are in the given set. This set is not closed un-
der addition because 1 + 1 = 2, and 2 is not in the set. It is not closed
under the operation “taking the square root” since there are rwo different
square roots of 1: +1 and —1.

Commutativity—The word “commute” comes from the Latin word
“commutare,” which means “to exchange.” People who travel back and
forth between home and work are called “commuters” because they regu-
larly exchange positions. The fact that addition and multiplication are com-
mutative operations is somewhat unusual. Many operations such as subtrac-
tion and exponentiation (raising to powers) are notr commutative. For
example,

2 — 5 does not equal 5 — 2,
and

2* does not equal 3°.
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Indeed, most operations in the real world are not commutative. Putting on
your shoes and socks (in that order) produces a far different result from
putting on your socks and shoes!

Associativity—You can remember what this axiom states by remembering
that to “associate” means to “group.” Addition and multiplication are asso-
ciative, as shown by

2+3)+4=9 and 2+(3+4)=09.
But subtraction is not associative. For example,
2-3)—-4=-5 and 2-(3-4) =3.

Distributivity—Parentheses in an expression such as 2 X (3 + 4) mean,
“Do what is inside first.” But you don't have to do 3 + 4 first. You
could “distribute” a 2 to each term inside the parentheses, getting

2 X 3 + 2 X 4. The Distributive Axiom expresses the fact that you get
the same answer either way. That is,

2X(3+4) =14 and 2X3+2X4=1]4
Note that multiplication does nor distribute over multiplication. For exam-
ple,

2 X (3x4) doesnotequal 2 X 3 X2 X 4,
as you can easily check by doing the arithmetic.

Identity Elements—The numbers O and 1 are called “identity elements™ for
adding and multiplying, respectively, since a number comes out “identical”
if you add 0 or multiply by 1. For example,

5+0=5 and 5X1=35

Inverses— A number is said to be an inverse of another number for a cer-
tain operation if it “undoes” (or inverts) what the other number did. For
example, 3 is the multiplicative inverse of 3. If you start with 5 and multi-
ply by 3 you get
S5x3=15.
Multiplying the answer, 15, by 1 gives
1
15 X == 5§,
3

which “undoes™ or “inverts” the multiplication by 3. It is easy to tell if two
numbers are multiplicative inverses of each other because their product is
always equal to 1, the multiplicative identity element. For example,

3xX-=1

W | -
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Similarly, two numbers are additive inverses of each other if adding them
to each other gives 0, the additive identity element. For example, 3 and
— 5 are additive inverses of each other because

i+(-9=0

The following exercise is designed to familiarize you with the names and
meanings of the Field Axioms.

| EXERCISE 1-2

Do These Quickly

The following problems are intended to refresh your skills. Some prob-
lems come from the last section, and others probe your general knowledge
of mathematics. You should be able to do all 10 in less than 5 minutes.

Ql. Simplify: 11 — 3 + 5

Q2. Multiply and simplify: (%) (g)

Q3. Add:3.74 +5
Q4. If x + 7is 42, what does x equal?
Q5. Is —13 an integer?
Q6. Multiply: (9x)(6x)
Q7. Square 7.
Q8. Is 1.3 a rational number?
Q9. Multiply: 5(3x — 8)
Q10. Simplify: (=3)(0.7)(=5)(—1)

Work the following problems.

1. Tell what is meant by
a. additive identity element,
b. multiplicative identity element.

2. What is
a. the additive inverse of 3?
b. the multiplicative inverse of §?

3. Using variables (x, y, z, etc.) to stand for numbers, write an example
of each of the eleven field axioms. Try to do this by writing all eleven
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examples first, then checking to be sure you are right. Correct any
which you left out or got wrong.

Explain why 0 has no multiplicative inverse.

The Closure Axiom states that you get a unique answer when you add
two real numbers. What is meant by a “unique” answer?

You get the same answer when you add a column of numbers “up” as
you do when you add it *down.” What axiom(s) show that this is
true?

Calvin Butterball and Phoebe Small use the distributive property as
follows:

Calvin: 3(x + 4)(x+ 7) = Bx + 12)(x + 7).
Phoebe: 3(x + 4)(x + 7) = (3x + 12)(3x + 21).

Who is right? What mistake did the other one make?

Write an example which shows that:

Subtraction is not a commutative operation.

{negative numbers} is nor closed under multiplication.

{digits} is nor closed under addition.

{real numbers} is nor closed under the A operation (taking the

square root).

e. [Exponentiation (“raising to powers™) is not an associative opera-
tion. (Try 4%°.)

OO

For each of the following, tell which of the Field Axioms was used,
and whether it was an axiom for addition or for multiplication. As-
sume that x, y, and z stand for real numbers.
x+(y+z)=Kx+y+:z

(y + z) is a real number

(y+2)=x+y)

(y+2)=(y+2):x

(y+2)=xy+xz

(ytz)=x-(y+2+0
(y+2)+(-[x(y+2D=0

(y+2)=x-(y+2)-1

Smmean o
-

M R o= X No=

-

.(y+z).;ﬁ=

Tell whether or not the following sets are fields under the opera-
tions + and X. If the set is not a field, tell which one(s) of the Field
Axioms do not apply.

{rational numbers}

b. {integers}

c. {positive numbers}

d. {non-negative numbers}
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VARIABLES AND EXPRESSIONS

In previous mathematics courses you have seen expressions, such as
3x2+ 5x - 7,

that stand for numbers. Just what number an expression stands for depends
on what value you pick for the variable (x in this case). The name
“variable™ is picked because x can stand for various different numbers at
different times. The numbers 3, 5, =7, %, V11 etc., are called constants
because they stand for the same number all the time.

In this section you will evaluate expressions by substituting values for the
variable. In order to do this more easily, you can simplify the expression
using the axioms of the previous section.

Objective:
Given an expression containing a variable,

a. evaluate it by substituting a given number for the variable, and finding
the value of the expression,

b. simplify it by using the Field Axioms to transform it to an equivalent
expression that is easier to evaluate.

DEFINITION

VARIABLE
A variable is a letter which stands for an unspecified number from a
given set.

For example, if the set you have in mind is {digits}, and x is the variable,
then x could stand for any one of the numbers 0, 1, 2,3, 4,5,6,7, 8, or
9. In this case, {digits} is called the domain of x. The word comes from
the Latin “domus,” meaning “house.” So the domain of a variable is
“where it lives.” Since the domain of most variables in this course will be
{real numbers}, you make the following agreement:

AGREEMENT

Unless otherwise specified, the domain of a variable will be assumed
to be the set of all real numbers.
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DEFINITION

EXPRESSION
An expression is a collection of variables and constants connected
by operation signs (+, —, X, +, etc.) which stands for a number.

To find out what number an expression stands for, you must substitute a
value for each variable, then do the indicated operations.

EXAMPLE 1
Evaluate 3x + 5x = 7 if x =4,
Solution:
3x2+ 5x =7 Write the given expression.
=34+ 5-4 — 7 Substitute 4 for x.
=3-16 + 5-4 — 7 Square the 4.
=48 +20—-7 Do the multiplication.
= 61 Add and subtract from left to right. ]

There are several things you should realize about the preceding calcula-
tions. First, you must substitute the same value of x everywhere it appears
in the expression. Although a variable can take on different values at dif-
ferent times, it stands for the same number at any one time. This fact is
expressed in the Reflexive Axiom, which states, “x = x.”

The second thing you should realize is that this expression involves sub-

traction and exponentiation (raising to powers). These operations, as well
as division, can be defined in terms of addition and multiplication.

DEFINITIONS

Subtraction: x — y means x + (—y).

Division: x + y means x-}. (The symbols £ and x/y are also used
forx + y.)

Exponentiation: x" means n, x's multiplied together. For example,
x’ means x-x-x.
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The third thing you should realize is that the answer you get depends on
the order in which you do the operations. So that there will be no doubt
about what an expression such as 3x* + 5x — 7 means, you make the fol-
lowing agreement:

AGREEMENT

ORDER OF OPERATIONS

1. Do any operations inside parentheses first.

2. Do any exponentiating next.

3. Do multiplication and division in the order in which they occur,
from left to right.

4. Do addition and subtraction last, in the order in which they oc-
cur, from left to right.

EXAMPLE 2

Carry out the following operations:

a. 3+4x5 Multiply first.
=3+20
=23 Add last.
b. 3_+ 4X5+2
=34+20+2 Multiply and divide from left to right.
=3+ 10 Divide before adding.
=13 Add last.

c. 3-4Xx5+2+9
=3-20+2+9 Multiply and divide from left to right.

=3-10+9 Divide before + and —.
==-7+9 Add and subtract from left to right.
=2 Add and subtract last. B

An expression might contain the absolute value operation. The symbol | x|
means the distance between the number x and the origin of the number
line. For example, | —3| and | 3| are both equal to 3, since both 3 and —3
are located 3 units from the origin (Figure 1-3).
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3units 3units
RS it S S (T ST =S L D
-4 -3 -2 - 0 1 2 3 4
Figure 1-3
Similarly,
I5] =5
1-71=1
|0] =0,
and so forth.

The absolute value of a variable presents a problem. If x is a positive
number, then | x| is equal to x. But if x is a negative number, then | x| is
equal to the opposite of x. For instance, if x = =9, then

|x| =|=9] = =(=9) = 9.

A precise definition of absolute value can be written as follows:

DEFINITION

| x| = x if x is positive (or 0)
| x| = —x if x is negative

EXAMPLE 3
Evaluate |17 — 4x| = 2 if

a. x=35

b. x= -3

a. |17 = 4x| = 2
= |17 = 20| = 2 Substitute 5 for x.
=|-3|-2 Arithmetic
=3-2 Definition of absolute value
=1 Arithmetic

b. |_l7 -4x| -2

=|17 4+ 12| = 2 Substitute —3 for x.
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=|29| -2 Arithmetic
=20-2 Definition of absolute value
=27 Arithmetic 5]

Two expressions are equivalent if they equal each other for all values of
the variable. For example, 3x + 8x and 11x are equivalent expressions.
Simplifying an expression means transforming it to an equivalent expres-
sion that is in some way simpler to work with. The expression 11x is con-
sidered to be simpler than 3x + 8x because it is easier to evaluate when
you pick a value of x. Adding the 3x and 8x is called “collecting like
terms.” It is justified by using the Distributive Axiom backwards.

3x + 8x = (3 + 8)x Distributivity

11x Arithmetic

EXAMPLE 4
Simplify 7x-2 + x.

Since the Field Axioms apply to multiplication rather than division, you

1

would treat “<+ x™ as “- 1", commute the multiplication, and get
Tx-2 +x

~)

x-2-

g

1
- Definition of division
x
1
Tx- -) -2 Commutativity and associativity
X

=7-2 Associativity and multiplicative inverses
= 14 Arithmetic &
EXAMPLE 5

Simplify 2 — 3[x — 2 = 5(x = 1)].

Here you must observe the agreed-upon sequence of operations. The first
thing to do is start inside the innermost parentheses and work your way
out (like a termite!).

2=3[x=2-5(x-1)]
=2=3[x=2=5x+35] Distributivity
=2 - 3[-4x + 3] Collecting like terms
2+ 12x -9 Distributivity

12x = 7 Commutativity and associativity =]

13
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Nores:

1. You must remember some things from previous mathematics courses.
For example, a negative number times a negative number is a positive
number. This sort of thing can be proved using the Field Axioms, as
you will see in Section 1-7.

2. There are several kinds of symbols of inclusion.

() Parentheses.

[ ] Brackets.

{ } Braces (also used for ser symbols).

" Vinculum (an overhead line, used in fractions and elsewhere, such
x=—3

x+7 )-

To avoid so many different symbols, sometimes “nested” parentheses

are used. For example, the expression

2 - (3+4(5-6(7+ x))

would be simplified by starting with the innermost parentheses.

as in

In the following exercise, you will practice simplifying and evaluating ex-
pressions. If the going gets difficult, just tell yourself that no matter how
complicated an expression looks, it just stands for a number. And people
invented numbers!

EXERCISE 1-3

Do These Quickly

The following problems are intended to refresh your skills. Some are from
the first two sections of this chapter, and others probe your general knowl-
edge of mathematics. You should be able to do all 10 in less than 5 min-
utes.

Ql. Is V9an integer?

Q2. Is —3 a real number?

Q3. Commute the 3 and the x: 2y + 3 + x

Q4. Associate the 4a and the 2¢: 4a + 2¢ + 5d

Q5. Distribute the 5: 5(3x — 7)

Q6. Write the additive inverse of §.



Q7.
Q8.
Q9.
Q10.
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Write the multiplicative identity element.
If 3x equals 42, what does x equal?
Multiply: (2.3)(4)

Divide and simplify: ) = ($)

For Problems 1 through 10, carry out the indicated operations in the
agreed-upon order.

1
3.
-
B
9

5+6x7 2. 3+8x7
9-4+5 4. 11 -6+ 4
12+3x2 6. 18 +9x2
7—-8=+2+4 8. 24-12x2+4
16 —4+12+6x%x2 10. 50-30x2+8+2

For Problems 11 through 24, evaluate the given expression

(a) forx =2

(b) forx = —3.

1. 4x -1 12. 3x-5

13. |3x - 5| 14. |4x - 1|

15. 5-=7x-8 16. 8-5x-2
17. |8 = 5x| -2 18. |5—-7x|-8
19. x*—4x+6 20. x2+6x-9
21. 4x? - 5x - 11 2. S5x*=-Ix+1
23. 5-2-x 24, 3+4-x

For Problems 25 through 40, simplify the given expression.

25.
27.
29.
31.
33.
34,
39:

6-[5-(-x)] 26. 2x = [3x + (x = 2)]
7(x = 2(3 = x)) 28. 3(6x — S(x — 1))

7 - 23 = 2x + 4)] 30. 8 + 4[5 — 6(x — 2)]
3x = [2x + (x = )] 32, 4x - [3x — (2x — x)]

6-2[x—3-(x+4)+3x-2)
72 = 3(x — 4) + 4(x — 6)]
6lx = ix - 1)] 36. 8[2x — i(6x + 5)]

15
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37. x4y —[x(x +y) = y(y — )]
38. 4x? — 2x(x — 2y) + 2y(2y + x) — 2x?
39. —(=(=(=x))) 0. x-x-G-x-)y)l

41. Calvin Butterball and Phoebe Small evaluate the expression |x — 3|
for x = 7, getting:

Calvin: [x = 3| =|7-3|=7+3=10
Phoebe: |x — 3| = |7 - 3| = |4| =4
Who is right? What mistake did the other one make?

42. Kay Oss evaluates the expression |x + 2| — 5x by substituting 7 for
the first x and 3 for the second x. What axiom did Kay violate?

| POLYNOMIALS

Polynomials are algebraic expressions that involve only the operations of
addition, subtraction, and multiplication of variables. For example,

3x?+ 5x—7, x+2, and xy’z?

are polynomials. They involve no non-algebraic operations such as abso-
lute value, and no operations under which the set of real numbers is not
closed, such as division and square root. Thus, polynomials stand for real
numbers no matter what real values you substitute for the variables.

Objectives:

1. Given an expression, tell whether or not it is a polynomial. If it is, then
name it by “degree” and by number of terms.
2. Given two binomials, multiply them together.

Notes:

1. The expression 73 is not a polynomial since it involves division by a
variable. 1f x were 5, the expression would have the form 3, which is
not a real number.

2. The expression Vx is not a polynomial since it involves the square root
of a variable. If x were less than 0, the expression would stand for an
imaginary number rather than a real number.
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3. The expression |x — 7| is not a polynomial since it involves the non-
algebraic operation “absolute value.”

4. Expressions such as V/3x and % (which equals { - x) are considered to
be polynomials since the operations + and are performed on con-
stants rather than variables.

5. The operation exponentiation (“raising to powers”) is not listed among
the polynomial operations. If the exponent is an integer, such as in x*,
then exponentiation is just repeated multiplication. So expressions with
only integer exponents are polynomials. In Chapter 6 you will learn
what happens when the exponent is not an integer.

“Terms” in an expression are parts of the expression that are added or sub-
tracted. For example, the expression
3x*+ 5x -7

has three terms, namely, 3x*, 5x, and 7. Special names are used for ex-
pressions that have 1, 2, or 3 terms.

NAMES
No. of Terms Name Example
1 monomial xS
2 binomial 3x2 + y3
3 trinomial I-x?+ys
4 or more (no special name) 3x% = 2 + 5x* - 6x% +

The word “polynomial” originally meant “many terms.” However, it is
possible to get a monomial by adding two polynomials. For example,

(3x* + 5x — 7) + (8x* — 5x + 7) = 11x?,

a monomial. By calling monomials, binomials, and trinomials “poly-
nomials,” 100, the set of polynomials has the desirable property of being
closed under addition. It is also closed under multiplication.

“Factors” in an expression are parts of the expression that are multiplied
together. For example, 5x has three factors, 5, x, and x. Special names
are given to polynomials depending on how many variables are multiplied
together.

For example, 3x%y* is seventh degree because seven variables are multi-
plied together (x-x-y-y-y-y-y). But 3x* + y* is only fifth degree be-
cause at most five variables are multiplied together (y-y-y-y-y). An ex-
pression such as 17x that has only one variable is called first degree, and a
constant such as 17 which has no variable is called zero degree.

17
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0
DEFINITION
DEGREE OF A POLYNOMIAL
The degree of a polynomial is the maximum number of variables
that appear as factors in any one term.
Various degrees are given special names, as follows:
NAMES
Degree Name Example Memory Aid
0 constant 13 Constants do not vary.
Ist lincar 5x A line has one dimension.
2nd quadratic 7x? A square is a quadrangle.
3rd cubic 4x? A cube has three dimensions.
4th quartic x* A quart is a fourth of a gallon.
5th quintic 9x* Quintuplets are five children.
6th or more (no special 3x7 (Make up your own names,
name) Hectic, Septic, etc.)
Notes:

1. Various parts of a monomial such as 3x? have special names.

3 is the numerical coefficient.

x is the base.

2 is the exponent.

x? is a power (the second power of x).

2. “Zero” could have any degree, because 0 equals 0x*, 0x'*, 0x'*, etc.
To avoid this difficulty, 0 is usually called a polynomial with no de-

gree.

Multiplying Binomials: Multiplying binomials requires a double use of the
distributive property.

For example,
(x - 3)(2x + 95)
can be thought of as
number X (2x + 5).
Distributing the “number,” you get
number X 2x + number X 5.
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